Abstract. Given Mϕ, a fibered 3-manifold with boundary, we show that the translation distance of the monodromy ϕ can be bounded above by the complexity of an essential surface with non-zero slope. Furthermore we prove that the minimal complexity of a surface with non-zero slope in M ϕ n tends to infinity as n → ∞. Additionally, we show that an infinite family of fibered hyperbolic knots has translation distance bounded above by two, satisfying a conjecture by Schleimer which postulates that this behavior should hold for all fibered knots.
Introduction
Using geometry, combinatorics, and dynamics to study the topology of hyperbolic 3-manifolds is an active area of research. A theorem relating dynamics on a surface and fibered hyperbolic 3-manifolds is the following well known result of Thurston: Theorem 1.1. [16] Let ϕ : F → F be a diffeomorphsim of a compact, connected surface with associated mapping torus M ϕ . Then M ϕ is hyperbolic if and only if ϕ is pseudo-Anosov.
Since periodic diffeomorphisms give rise to mapping tori that are Seifert manifolds and reducible diffeomorphisms give rise to mapping tori that have a non-trivial JSJ decomposition into simpler pieces, this result of Thurston implies that, in some sense, the only interesting fibered 3-manifolds are hyperbolic.
A natural question to ask is "what does ϕ tell me about properties of M ϕ ?" and vice-a-versa. The object of focus in this paper is the translation distance of ϕ in the arc complex, denoted d A (ϕ) (defined in Section 2). Intuitively d A (ϕ) is the minimum distance any vertex is moved in the arc complex under the action of ϕ.
In [12] , Saito and Yamamoto show that any knot constructed by plumbing Hopf bands to the unknot, which were shown to be fibered by Harer in [4] , has translation distance at most 2 in the arc complex of the fiber, i.e. d A (ϕ) ≤ 2. Unfortunately, their method doesn't determine how translation distance is affected by deplumbing.
Bachman and Schleimer demonstrated a deep connection between incompressible surfaces in M ϕ and bounds on the translation distance in the curve complex, in particular they showed Theorem 1.2.
[1] Let ϕ : F → F be a surface diffeomorphism of a closed orientable surface with genus g(F ) ≥ 2. If S ⊂ M ϕ is a connected, orientable, incompressible surface, then either (1) S is isotopic to a fiber, or (2) S is a torus and d C (ϕ) ≤ 1, or (3) d C (ϕ) ≤ |χ(S)|.
The main objective of this paper is to extend this result of Bachman and Schleimer to fibered 3-manifolds with boundary. One nice application of this result will be to the class of fibered knot and link complements. To do so, we make use of the action of ϕ on the arc and curve complex of the fiber. We prove Theorem 1.3. Let ϕ : F → F be a diffeomorphism of a connected, compact, orientable surface F with boundary and χ(F ) < 0. Let M ϕ be the associated mapping torus. If S is a connected, orientable, essential closed surface with no accidental parabolics or an essential non-longitudinal surface in M ϕ , then either
(1) ϕ is periodic and d AC (ϕ k ) = 0 where ϕ k = id F , (2) ϕ is reducible and d AC (ϕ) ≤ 1, or (3) ϕ is pseudo-Anosov and d AC (ϕ) ≤ |χ(S)| where d AC (ϕ) is the translation distance of ϕ in the arc and curve complex of the fiber.
If we restrict our attention further to the action of ϕ on the arc complex, then the natural inclusion of the arc complex into the arc and curve complex gives a stronger result in the case where ϕ is pseudo-Anosov. Theorem 1.4. Let ϕ : F → F be a pseudo-Anosov diffeomorphism of a connected, compact, orientable surface F with boundary and χ(F ) < 0. Let M ϕ be the associated mapping torus. If S is a connected, orientable, essential non-longitudinal surface properly embedded in M ϕ , then d A (ϕ) ≤ |χ(S)| where d A (ϕ) is the translation distance of ϕ in the arc complex of the fiber.
Given a non-sporadic surface F with boundary (i.e. 2g + b ≥ 5 where g is the genus of F and b is the number of boundary components) and any n ∈ Z, there are infinitely many homeomorphisms ϕ : F → F such that d A (ϕ) > n (see Lemma 4.4) . However, Schleimer has conjectured the following: Conjecture 1.5 (Schleimer [14] ). For any closed connected oriented 3-manifold M , there is a constant t(M ) with the following property: if K ⊂ M is a fibered knot then the monodromy of K has translation distance in the arc complex of the fiber at most t(M ). Furthermore t(S 3 ) = 2.
Using Theorem 1.4 we give an infinite family of fibered hyperbolic knots in S 3 which satisfy Conjecture 1.5. In particular we show Corollary 1.6. Let K ⊂ S 3 be a fibered Montesinos knot with r-rational tangles and monodromy ϕ.
Define the surface complexity of M as Ψ(M ) = min S∈S |χ(S)| where S is the collection of all orientable non-longitudinal surfaces S properly embedded in M . In Section 4.2, we give an application of Theorem 1.4 and a result of Masur and Minsky [10] to show that essential surfaces become increasingly complex in M ϕ n as n increases. More specifically we show Corollary 1.7. Let F be a non-sporadic surface with boundary and ϕ : F → F a pseudo-Anosov diffeomorphism. Then the surface complexity Ψ(M ϕ n ) → ∞ as n → ∞.
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Definitions and Background
For the entirety of this paper, we assume all 3-manifolds and surfaces in question are orientable. Let F be a connected, compact, orientable surface with boundary and χ(F ) < 0. Let ϕ : F → F be a diffeomorphism and M ϕ = F × [0, 1]/ ∼ the resultant mapping torus where (x, 0) ∼ (ϕ(x), 1). We say that a surface S properly embedded in M ϕ is essential if S is incompressible, boundary-incompressible, and not boundary parallel. If ∂S = ∅, than S is essential if S is incompressible and not boundary parallel. For example, each fiber F (t) = F × {t} is an essential surface.
For what follows, it will be necessary to differentiate between surfaces that meet ∂M ϕ in curves parallel to ∂F (t) and those that do not. Let T 
, the boundary slope of S on T 2 i is undefined. In this case we say that S has slope u on T 2 i . If M ϕ has k-boundary components, we can think of the slope of S as the k-tuple
The main theorem utilizes the boundary slope of an essential surface S in M ϕ in several places. One of the key necessities for the proof is that in each boundary component of M ϕ , the surface S does not have slope 0 1 . Thus, rather than stating this condition repeatedly, we make a definition. Although it is not known in general if every fibered 3-manifold contains such a surface, it was shown by Culler and Shalen in [3] that all compact, connected, orientable 3-manifolds M with ∂M = T 2 contain a properly embedded essential non-longitudinal surface proving a conjecture of Neuwirth.
In order to define the translation distance of the monodromy of the fibration, we need a metric space that ϕ acts on naturally. Since F has boundary, the complexes we will consider are the arc complex and the arc and curve complex of the fiber. 
A(F ) (or arc and curve complex AC(F )) is the simplicial complex determined by the union of all such simplices.
Remark 2.4. We will refer to the isotopy class [α] as α unless otherwise stated. Furthermore, we are only concerned with the 0-and 1-skeleta
We can turn A
(1) (F ) into a metric space by assigning length 1 to each edge and defining d A (α, β) to be the minimum path length over all paths from α to β. With this metric A
(1) (F ) is δ-hyperbolic, just as the curve complex of Masur and Minsky is δ-hyperbolic [9] . We turn AC
(1) (F ) into a metric space in the same way and note that AC (1) (F ) is also δ-hyperbolic [8] . Note that the natural inclusion
As mentioned in the introduction, the object of interest is the translation distance of ϕ. Since ϕ is a diffeomorphism, it acts on A (1) (F ) (resp. AC (1) (F )) as an isometry.
The translation distance of ϕ in AC (1) (F ) is defined analogously.
The goal is to obtain a collection of arcs arising from the intersection of the fibers with a non-longitudinal surface which will define a path between α and ϕ(α). If done carefully, the Euler characteristic of the non-longitudinal surface can be used to bound the number of arcs in such a collection.
Main Theorem
For everything that follows, F is a connected, compact, orientable surface with boundary and χ(F ) < 0, and ϕ : F → F is a surface diffeomorphism. We start by proving a few necessary lemmas which enable us to prove all arcs and curves of intersection between the fibers and the essential surface are essential on both surfaces.
Suppose M ϕ is a fibered hyperbolic 3-manifold and let ρ : π 1 M ϕ → PSL(2, C) be a discrete faithful representation of the fundamental group of M ϕ . Given S, a properly embedded surface in M ϕ or closed embedded surface, and an essential curve γ ⊂ S, we will say that γ is an accidental parabolic for S if ρ([γ]) is a parabolic element under the induced representation. Therefore γ is freely homotopic into ∂M ϕ , but not boundary parallel in S.
Lemma 3.1. Let S be a connected, orientable, essential non-longitudinal surface properly embedded in a hyperbolic 3-manifold M . Suppose γ is an accidental parabolic for S, let γ be the image of γ in T 2 i ⊂ ∂M under homotopy, and let ∂S i be the boundary components of S in
Proof. Let A be the annulus arising from the homotopy of γ into T 2 i , i.e. one boundary component of A lies on S and the other, γ , in ∂M . Lemma 12.19 of Purcell [11] produces an immersion of an annulus A into M \\S such that one In [15] , Thurston showed that a surface S in a fibered, compact 3-manifold with ∂S contained in a fiber or transverse to the fibers can be (1) isotoped into a fiber, or (2) isotoped so that S meets each fiber transversely except at finitely many singular points. Because we will use it later in a critical part of the proof, we prove a lemma quantifying the number of singularities arising from Thurston's construction. Lemma 3.2. Suppose S is a connected, orientable, essential closed surface with no accidental parabolics or an essential non-longitudinal surface properly embedded in M ϕ . Then there exists an isotopy of S such that (1) S meets each fiber transversely except for at finitely many singular points, (2) each singular point contributes a 4-pronged singularity for the induced singular foliation of S, and (3) there are exactly |χ(S)| many such singular points, each contained in a unique fiber.
Proof. As in [15] , isotope S so that it meets each fiber transversely except for at a finite number of saddle points. This proves (1) and (2) . If necessary, we may perturb the isotopy slightly so that each singularity is contained in a unique fiber. By the Euler-Poincaré-Hopf formula, we have
where the sum is taken over all singularities, s, in the induced singular foliation of S and P s denotes the number of prongs at s. Since the induced foliation only contributes singularities with 4 prongs, there must be |χ(S)| many 4-pronged singularities (in the case ∂S = ∅, there are no boundary singularities as ∂S meets the Figure 2 . The red curve γ bounds a disk on S and F (t). The resulting embedded 3-ball provides a center tangency (depicted in red) between S and a fiber F (t + ).
boundary of each fiber transversely).
See Figure 1 for a depiction of an induced singular foliation for a Conway sphere in a fibered knot complement. Proof. Suppose γ can be homotoped into two distinct boundary components of M . The combination of these two homotopies gives an immersed annulus in M . The annulus theorem of Jaco [6] provides an embedded annulus in M , contradicting the hyperbolicity of M .
In the next two lemmas, we show that S can be isotoped so that all curves and arcs of intersection with the fibers are essential on S and the fibers. Lemma 3.4. If S is a connected, orientable, essential closed surface with no accidental parabolics or an essential non-longitudinal surface properly embedded in a fibered hyperbolic 3-manifold M ϕ , then S can be isotoped so that every curve of intersection between S and any fiber is essential on both surfaces.
Proof. Apply Lemma 3.2 to obtain an isotopy of S such that S is transverse to the fibers except at finitely many points and note that S cannot be a fiber as S is either non-longitudinal or closed.
Let F (t) = F × {t} for t ∈ [0, 1] and consider S ∩ F (t) which is a collection of curves, arcs, or both. Our goal is to show that every transverse curve is essential on both surfaces.
Suppose first that γ is such a curve and γ bounds a disk on S. Then γ must also bound a disk on F (t), for if it did not we would have found a compressing disk for F (t), contradicting the incompressibility of the fibers. So γ bounds a disk on both surfaces giving rise to an embedded 2-sphere. Since M ϕ is irreducible, this 2-sphere bounds a 3-ball B which leads to a center tangency of S and some fiber F (t + ) contradicting transversality except at saddle points (see Figure 2) . A symmetric argument gives the case where γ bounds a disk on F (t). Suppose that ∂S = ∅ and γ is isotopic into ∂S and also isotopic into a component of ∂F (t) which lies in a boundary torus T 2 i . Lemma 3.3 implies that such a curve γ can only by homotopic into a single boundary component of M ϕ and so to avoid excessive notation, we simply call this boundary component T 2 . The slope of ∂F (t) in T 2 is 0 1 since ∂F (t) is a longitude. By assumption, since S is a non-longitudinal surface ∂S ∩ T 2 is a collection of parallel non-longitudinal curves and thus ∂S ∩ T 2 has non-zero slope. This leads to a contradiction since the combination of the above isotopies gives an isotopy between the longitude and a non-longitude of T 2 which is impossible.
Lastly, suppose that γ is essential on S and homotopic into ∂F (t). If S is a closed surface without accidental parabolics, then by definition such a curve γ cannot exist as γ is an accidental parabolic and the conclusion follows. Suppose therefore that S is non-longitudinal. By Lemma 3.1 and Lemma 3.3 we have that γ is homotopic to a curve γ in T 2 ⊂ ∂M ϕ that is parallel to ∂S ∩ T 2 and thus has the same non-zero slope as the non-longitudinal surface S. But by assumption γ is homotopic to the longitude of T 2 as ∂F (t) is a longitude. This gives a homotopy between a longitude and a non-longitude which is impossible. A symmetric argument gives the case where γ is essential on F (t) and homotopic into ∂S. Thus every transverse curve of intersection is essential on both surfaces. Lemma 3.5. If S is a connected, orientable, non-longitudinal essential surface properly embedded in a fibered hyperbolic 3-manifold M ϕ , then S can be isotoped so that every arc of intersection between S and any fiber is essential on both surfaces.
Proof. Again, apply Lemma 3.2 to obtain an isotopy of S such that S is transverse to the fibers. In particular, we may assume we have the same isotopy as the one chosen in Lemma 3.4.
We now deal with the case where F (t) and S meet in an arc α inessential on F (t) and essential on S. Then α being inessential on F (t) provides us with a disk D such that α cobounds D with an arc β ⊂ ∂F (t) ⊂ ∂M ϕ . Without loss of generality, we may assume that α is the innermost arc of intersection since if α = α is the innermost arc of intersection, α is also inessential as α ⊂ D and so α also cobounds a disk. By definition, D is a boundary compression disk for S contradicting the boundary-incompressibility of S. So α must be inessential on both surfaces. A symmetric argument shows that if α is inessential on S then it must be inessential on F (t).
Thus α must be inessential on S and F (t). In this case, α cobounds a disk D on S with D ∩ ∂S = β, and ∂D = α ∪ β. Note that α is a leaf of the singular foliation of S and β must be met transversely at all points by our choice of isotopy of S. Also, the disk D inherits a foliation which (possibly) contains finitely many finite-pronged singularities. Choose an arc α 1 ⊂ D such that α 1 cobounds a disk D 1 with a subarc β 1 ⊂ β and such that intD 1 does not contain any finite-pronged singularities. By identifying D 1 with a Euclidean disk, we may assume that the length of β 1 is 1.
We will inductively construct a sequence of arcs {β i } as follows: Consider the disk D i with boundary α i and β i . Choose the midpoint m i ∈ β i . The arc α i+1 based at m i must hit another point k i+1 ∈ β i . Let β i+1 be the segment between m i and k i+1 and so β i+1 and α i+1 bound a disk
we have that (β i ) → 0 as i → ∞ and so there is a unique point P that is the limit of {m i } and {k i }.
Consider the arc α P based at P which must have its other endpoint Q on β. Choose a small semi-circular neighborhood N of P not containing Q. Since P is a limit point of {m i } and {k i }, we can choose j > 0 large enough so that m i , k i ∈ N for all i ≥ j. Therefore α P must intersect α i+1 for all i ≥ j contradicting our choice of D 1 which did not contain any finite pronged singularities. Thus every arc of intersection must be essential on both surfaces.
We now have the necessary tools to prove the main theorem. The proof proceeds by a similar argument to that of Bachman and Schleimer in their proof of Theorem 3.1 in [1] . After proving Theorem 1.4, we will use it to prove Theorem 1.3. As the singular component of S ∩ F (c i ) must arise as one of three possibilities seen in Figure 3 , all singular points come from the intersection of two curves ( Figure  3(a) ), an arc and a curve (Figure 3(b) ), or two arcs (Figure 3(c) ).
We only need to consider case (b) and (c) since we will only be choosing an arc component for each F (τ i ). If F (c i ) contains a singular component of type (a), then we may choose arcs α i−1 ⊂ S ∩ F (τ i−1 ) and α i ⊂ S ∩ F (τ i ) such that α i−1 is isotopic to α i through S. If this were not possible, then while pulling α i−1 forward into F (τ i ) through S we would encounter a singular component of type (b) or (c) Figure 4 . A local picture of surface S sitting in the product region
contradicting the assumption that the only singular component between F (τ i−1 ) and F (τ i ) is of type (a).
The proof in the remaining two cases is essentially the same and so we prove only one case. Since case (b) mixes arcs and curves, we prove (b).
Let Γ be the singular component of F (c i )∩S which is a graph with three vertices and three edges. Let N = F × [τ i , τ i+1 ] be the product region between our two non-critical values and let P be the component of S ∩ N that contains Γ. We may assume that P is the annulus in N as seen in Figure 4 since by Morse theory, in a neighborhood of the singularity P appears as a saddle. However, since our singular component arose from the intersection of an arc and a curve, P is a saddle with a rectangle attached to the side of the saddle coming from the curve. Therefore
(1) P is properly embedded in N , (2) P ∩ F (τ i+1 ) is a disjoint essential arc α i+1 and essential curve β i+1 in F (τ i+1 ), and
Now, P is incompressible in N as any compression disk for P would give a compression disk for S. However, P is boundary-compressible in N via the disk D bounded by an arc γ 1 in F (τ i+1 ) joining α i+1 to β i+1 and an arc γ 2 on P joining α i+1 to β i+1 . After this compression, we obtain P which is a properly embedded disk in N giving an isotopy of α i forward into F (τ i+1 ). Thus α i+1 is isotopic in N to α i+1 ⊂ F (τ i ) which is disjoint from α i as seen in Figure 4 .
From this construction we get a collection of n + 1 arcs {α i } n i=0 lying on F (0) with the following properties:
, . . . , n − 1}, and (3) ϕ(α n ) is isotopic to α 0 since, by construction, we have that α n is isotopic to ϕ −1 (α 0 ).
Proof of Theorem 1.3. Suppose ϕ is periodic and so ϕ k = id F . Therefore ϕ (1)- (3) above. This is possible since after we isotopy S to be transverse to the fibers away from finitely many singular points, all singular points will be of type (a) as in Figure 3 . Therefore
Applications
There are several interesting applications of Theorem 1.4 that we shall discuss here.
4.1. Infinite families of low translation distance knots. As mentioned in the introduction, Schleimer has conjectured Conjecture 1.5. For any closed connected oriented 3-manifold M , there is a constant t(M ) with the following property: if K ⊂ M is a fibered knot then the monodromy of K has translation distance in the arc complex of the fiber at most t(M ). Furthermore t(S 3 ) = 2.
We start by showing that a consequence of Theorem 1.4 is that infinitely many knots satisfy Conjecture 1.5. Proof. Let L be the braid closure of a psuedo-Anosov braid β of i-components. Construct a link L of (i + 1)-components from L by adding the braid axis as a component. The link L is fibered with fiber surface the i-times punctured disk D i and monodromy given by the braid word β. We now get an infinite family of fibered links {L n } ∞ n=1 where L n is the braid closure of β n with the braid axis. By the above argument the fiber surface is D i and the monodromy is β n . By Lemma 4.4, d A (β n ) > kn − 2 for some constant k depending only on D i . Now choose n large enough so that kn − 2 > 2.
4.2.
Lower bounds on surface complexity. The next application is of a more classical nature in the sense that we more closely rely on the action of the monodromy on the arc complex of the fiber.
To prove the theorem of this subsection, we need to slightly extend a fundamental result of Masur and Minsky about translation distance in the curve complex which says Theorem 4.3.
[10] For a non-sporadic surface F , there exists a constant c > 0 such that for any pseudo-Anosov diffeomorphism ϕ and any essential curve γ on F , we have
We extend this result to the arc complex and obtain a similar lower bound for the distance between an arc and its iterates under some pseudo-Anosov map:
Lemma 4.4. For a non-sporadic surface F with boundary, there exists a constant k > 0 such that for any pseudo-Anosov diffeomorphism ϕ and any essential arc α on F , we have
Proof. In [8] , Korkmaz and Papadopoulos showed that for any essential arc α on F , there is an essential curve γ such that α and γ are exactly distance 1 from each other in AC (1) (F ). Additionally, they showed that for any x, y ∈ C (0) (F ) we have that d C (x, y) ≤ 2d AC (x, y) Let α be any essential arc on F and choose γ as above so that d AC (α, γ) = 1. By Theorem 4.3, we have that
and since d A (α, ϕ n (α)) ≥ d AC (α, ϕ n (α)) for any arc α, the conclusion follows.
Recall from the introduction the surface complexity of a hyperbolic 3-manifold M is Ψ(M ) = min S∈S |χ(S)| where S is the collection of all non-longitudinal surfaces S properly embedded in M . This is, in some sense, the "right" definition for the surface complexity, i.e. ruling out zero-slope surfaces and thus the fiber surface. If we include the Euler characteristic of the fiber surface, then Ψ(M ϕ n ) = Ψ(M ϕ m ) for all n, m ∈ Z large enough. Additionally, since M is hyperbolic, we have that Ψ(M ) > 0.
Proof of Corollary 1.7. For all n ∈ Z, we have that d A (ϕ n ) ≥ k|n| − 2. As n → ∞, the right-hand side gets arbitrarily large and thus the left-hand side does as well. By Theorem 1.4, any essential non-longitudinal surface S must satisfy |χ(S)| ≥ k|n| − 2.
4.3. Primitiveness of knot monodromies and Schleimer's conjecture. We say that a mapping class ϕ ∈ Mod(F ) is primitive if whenever ϕ = ψ k , we have that ψ = ϕ and k = 1. Intuitively this means that ϕ is not a power of another mapping class.
Let K g be the collection of all fibered genus g hyperbolic knots. It was proven by Stoimenow [13] that there are infinitely many hyperbolic knots of genus g ≥ 2. The question of whether or not there are infinitely many fibered hyperbolic knots of fixed genus is still open in general. However, it is believed that |K g | = ∞ for all g ≥ 2 and some evidence in this direction is given by Kanenobu [7] who shows that |K 2 | = ∞. The following result gives an interesting relationship between Schleimer's conjecture and the primitiveness of knot monodromies: Theorem 4.5. Suppose that for every n ∈ N there exists ψ ∈ Mod(F ) which is primitive and a knot K n ∈ K 2 with monodromy given by ϕ = ψ m for some m ≥ n, i.e. there exist knot monodromies of arbitrarily large powers. Then Conjecture 1.5 cannot hold. Remark 4.6. Another way to rephrase this result is that if Schleimer's conjecture is to hold, there should be some uniform bound on how non-primitive a knot's monodromy can be, i.e. there exists N ∈ N such that if ϕ = ψ n is the monodromy of a knot and ψ is primitive, then n ≤ N . Mark Bell's program flipper [2] shows that the knots 7 7 , 9 48 , 12n0642, 12n0838 are all fibered hyperbolic knots of genus g = 2 with non-primitive monodromy.
